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Abstract 

In this paper we study degree three curves in with positive self¬ 
intersection defined by the action of a spherical triangular group in an auxil¬ 
iary curve. 
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1 Introduction 

In this paper we study degree three curves in that is, curves B C with 
B ■ Cp = 3. We continue the work we began in [SaelS] and [Sael4] on the study of 
curves in with special attention to those with positive self-intersection. 

A fundamental tool for this study is the main theorem in [SaelS] where curves in 
with irreducible preimage in C x C and degree d are characterized. In [Sael4] we used 
this result to completely classify degree two curves with positive self-intersection. 

For d = 3 the main result in [SaelS] translates into 

Theorem 1.1. Let B be an irreducible smooth curve such that there are no non¬ 
trivial morphisms B ^ C. A morphism of degree one from the curve B to the 
surface exists, with image B of degree 3 if, and only if, there exists a smooth 
irreducible curve D and a diagram 


D 


( 2 : 1 ) 


B 


( 3 : 1 ) 


c 


which does not complete. 


The author has been partially supported by the Proyecto de Investigacion MTM2012-38122- 
C03-02. 
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That is, that does not exist a curve H and maps such that we obtain a commutative 
diagram 


( 3 : 1 ) 

c 


; ( 3 : 1 ) 
¥ 


'(2;ir 


H. 


In [MPP14, Question 8 . 6 ] the authors wonder if there exists a curve 5 in a surface 
S with q{S) < Pa{B) < 2q{S) — 1 (the Brill-Noether range) and B'^ > 0. This 
question relates also with the existence of a curve of genus q < Pa{C) <2q — l that 
generate an abelian variety of dimension q (see [Pir95]). In [Sael4] we saw that for 
large g{C) it is more likely that such a curve has low degree, hence motivating the 
study of low degree curves in the symmetric square. In [Sael4] we studied the degree 
two case in detail. In this paper we consider some degree three cases. We find no 
further examples of curves with positive self-intersection and arithmetic genus in 
the Brill-Noether range, even when considering their preimages in C x C, as was 
the case in [Sael4]. 

First, we prove that the preimage of i? by ttc : C* x C* —)■ is always irreducible: 

Proposition 1.2. Let B C he a degree 3 curve. Then ttq{B) is irreducible. 


Therefore, from Theorem 1.1 we deduce that all curves of degree 3 are dehned by 
a diagram of curves that does not complete. Since not all degree 3 morphisms are 
Galois, not all diagrams come from the action of a group in a curve D as happened in 
the degree two case. We are going to study some special cases in the Galois situation, 
specihcally those where H is a curve with two automorphisms: i of order 2 and a 
of order 3 such that {i,a) = 54,744 or ^ 5 , the so called spherical triangle groups, 
because of their simple and well known structure. The groups and are also 
spherical triangle groups, nevertheless, since they are such that IZI 3 I = l^sl =3-2, 
the diagram obtained would complete (see [Sael4, Proposition 1.2]). Moreover, we 
observe that since there are an infinity of groups of finite order generated by an 
involution and an order three element (see [Mil02]), a complete study even only of 
the Galois case presents a great complexity using this approach. 

Given an automorphism (3 we denote by ^{(3) the number of points hxed by (3. We 
hnd that 

Theorem 1.3. Let D be a curve with the action of two automorphisms: i of order 
two and a of order three. Assume that {i, a) = ^ 4 , ^4 or A^. Let C = Dj (a) and 
B = D/{i). Then, there exists a curve B C of degree three, with normalization 
B (as in Theorem 1.1). 

Moreover, if we denote t^c{B) =: D, then D has normalization D, B has ^iz[ia‘^ia) + 
l(z/((ia)^) — u{ia)) nodal singularities and D has ^{ia^ia) + z/((za)^) nodal singu¬ 
larities. 
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We analyse next which of these curves B have positive self-intersection in Section 4. 

In particular, the curves given by the action of ^4 are described in Tables 1 and 2. 
The curves given by the action of 5*4 are described in Tables 3 and 4 and the curves 
given by the action of are described in Table 5. 

Analysing the genus of the curves B and C in the different cases we deduce the 
following corollary: 

Corollary 1.4. The curves B in of degree 3 defined by the action of G = 
A4, S'4, A5 on a curve D with arithmetic genus in the Brill-Noether range have non¬ 
positive self-intersection. 

The outline of the paper is as follows. In Section 2 we recall some basic facts about 
group actions on curves that we will need during the main part of the paper. In 
Section 3 we study the singularities of curves of degree three dehned by the action of 
a spherical triangular group. In Section 4 we describe all such curves with positive 
self-intersection. 

Acknowledgments. The most sincere gratitude to Miguel Angel Barja and Joan 
Carles Naranjo for the multiple discussions and the amount of time devoted to the 
development of this article. And hnally to the Universitat de Barcelona for the 
research grant and their hospitality afterwards. 

Notation: We work over the complex numbers. By curve we mean a complex 
projective reduced algebraic curve. Let C be a smooth curve of genus g>2,we put 
( 7 ( 2 ) fQj. j^g 2nd symmetric product. We denote by ttc : C x C ^ the natural 
map, and Cp C. a coordinate curve with base point P E C. We denote by 
Pa{C) = h^{C, Oc) the arithmetic genus and when C is smooth by g{C) = h^{C, uc) 
the geometric genus (or topological genus). We will call node an ordinary singularity 
of order two. 

For a E Aut(C), we denote by z/(a) the number of points fixed by a. We put Tq, for 
the curve in C x C given by the graph of a, that is. To = {(x, a(x)), x E C}. 


2 Background on group actions 

We recall here some basic facts about group actions on curves. 

Let C be a curve and let G C Aut(C) be a hnite subgroup. For P E G, set 
Gp = {g E G I g(P) = Pj the stabilizer of P. 

Proposition 2.1. ([FK80, III.7.7]) Assume g{G) > 2. ThenGp is a cyclic subgroup 
0 /Aut(C). 

In particular, ii a, E Aut{G) are not powers of a common 7 G Aut{G), they have 
no common hxed point. 
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Given a G Aut{C), its graph Fq lies m. C x C and is isomorphic to C. With a local 
compntation one can see that 

Proposition 2.2. The diagonal in C x C cuts the graph of an automorphism 
transversally. 

Corollary 2.3. ([Sdelf]) Let a and 13 be two automorphisms of a curve C. If 
a~^l3 7 ^ 1, then the graphs of a and (3 in C xC intersect transversally and moreover, 
Fa-F/j eguals the number of points fixed by the automorphism a~^l3, that is, i>{a~^f3). 

Lemma 2.4. ([Sdel4]) Let G be a finite group of order n acting on a curve C. 
Given a point P E G, let a be a generator of Gp. Then we have that 

n = |Gp| • {{conjugates of Gp}\ ■ {{points fixed by a in Oc{P)}{. 

Theorem 2.5 (Riemann’s Existence Theorem). The group G acts on a curve of 
genus g, with branching type {g'-,mi,... ,mr) if and only if the Riemann-Hurwitz 
formula is satisfied and G has a {g';mi,... ,mr) generating vector. 

Where a {g'] mi,..., mr) generating vector (or G-Hnrwitz vector) is a 2g' + r-tnple 

(oi, bl, , ttg', bg', Cl, ... , Cj") 

of elements of G generating the gronp and snch that o(cj) = and 

g' r 

JJg = 1 - 

j=i *=i 

We call this last condition the product one condition. 

We remark that Riemann’s Existence theorem is not a constrnctive resnlt. It states 
the existence of snch a curve, nevertheless it gives no further information about it. 


3 On degree three curves 

Next, we study some general properties of degree three curves in defined by a 
spherical triangular group. First of all, we prove a general property of all degree 
three curves, that is, we see that vr^(S) is always irreducible. 

Proof of Proposition 1.2. Let B be the normalization of R. If vr^(R) were reducible, 
then TTpiB) = Bi + B 2 with Bi and B 2 two divisors with normalization B. Since 
we have a morphism from T[fi{B) to G of degree 3, one, let us say Bi, would have 
a degree one morphism to G and B 2 would have a degree two morphism to G. But 
then, on the one hand, B and G are isomorphic and on the other hand there is 
a degree two morphism from R to G, a contradiction since we are assuming that 
g{G) > 2 . □ 
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Hence, a degree three curve B C C^‘^\ with normalization B, has preimage by ttc 
an irreducible curve D := 7 r^(i?), which has normalization D. Regarding Theorem 
1.1, there exists a diagram of curves which does not complete dehned by R C 

As mentioned in the Introduction, we are going to study some special cases in the 
Galois situation, specihcally those where H is a curve with two automorphisms: i 
of order 2 and a of order 3 such that they do not commute, giving a diagram 


D -= D/{t) 

with (i, a) = ^ 4 , 54 , As. 


C = D/{a) 


( 1 ) 


We consider the curve D embedded in R x R as the set of points {(x, i(a:))}. We 
are going to study the singularities oi D G C x C and B C to prove Theorem 

1.3. 

Let R G be the divisor dehned as 


R= {x + y \ g{x) = g{y)}. (2) 

Since g is the quotient by the action of a, we obtain that 

TT^i? = {{x,y) I g{x) = g{y), x ^ y} = {(x,a(x))} + {(x,a^(x))} = T^ + r„ 2 . 


The points in fl D are pairs of different points in D G D x D with the same 
image in R, so their images by 5 ^ x are singularities of D. We are going to see that 
their images in B are smooth points. 

Lemma 3.1. The image in B by ttcIi) ® point {g x g){x,i{x)) with ia{x) = x or 
ia‘^{x) = X is a smooth point where the curve B is tangent to the diagonal. 

Proof. First, we study the singular points in D of the form {g x g){x,i{x)). 

Consider the morphism gxg\ DxD^CxC. It is Galois with group (1 x a, a x 1). 
We consider D = {(x,i(x))} and all its images by the elements of that group, that 
is, all preimages of R by 5 ^ x 

Since g x g is, Galois, each preimage curve is the graph of an automorphism in 
G G Aut{D) and hence they intersect pairwise transversally (Corollary 2.3). 

We consider hrst singular points in R corresponding to {x,i{x)) with ia{x) = x. 
Each of these singular points has as preimages one point (x, i(x)) G R fl (a x a^)D 
and one point (i(x), x) G R fl x a)D. Since 5^ x is not ramihed in these points, 
and R and its image by x « are transversal, we deduce that R is transversal on 
the image, and therefore, the images are nodes in R. 

Since the points (x,i(x)) and (i(x),x) = (q:(x), iQ:(x)) have the same image by 
the morphism tt^), there is only one point for each of these singularities in B, the 
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normalization of B. Then, doing a local computation we deduce that B is smooth 
and tangent to the diagonal in C{2) in each of these points. 

Finally, since given a point x with ia(x) = x the images of {x, i(x)) and (i(x), x) are 
equal, we have also proved the lemma for those x ^ D with = x, because in 

that case i{x) is a point hxed by ia. □ 

Now, we study the other singularities of D and B. 

Proposition 3.2. 

|Sing.B| = — i^{ia)). 

Proof. First, we want to know when two different points in D have the same image 
in D. We remind that D ^ D is the normalization map. 

Let {x,y) (with i{x) = y) and {z,t) (with i{z) = t) be two different points with 
the same image hj g x g, that is, such that a^(x) = 2 ; and a^{y) = t for certain 
k,r & {1)2}. Given such two pairs, we obtain that 

X = i{y) = = ia'^~'^ia’^{x), 

and similarly y = ia^~^ia^{y), z = ia^ia^~^ {z) and t = i.e. they are 

points hxed by certain automorphisms. 

We have four possibilities for k and r that can be gathered in two cases: 

Case A: if fc = r G (1, 2 }, then the two points in each involution pair are hxed by 
the same automorphism, for instance, x and y are hxed by ia^ia and the points z 
and t are hxed by iaia^. 

Assume that it is the case, that is, k = r. 

Let X E D he such that ia^ia{x) = x, that is, ia{x) = ai(x), and take y := i(x) 7 ^ x. 
We denote by 

Zi := a{x) ti := a{y) Z 2 := a‘^{x) ^2 := 

If we consider Zq := x and Iq := y then the pairs {Zn, tm) form a hber of the morphism 
g X g. We notice that i{zi) = ti, so we obtain that {zi,ti) E D <Z D x D. 

We claim that i{z 2 ) 7 ^ ^ 2 - Otherwise, i{z 2 ) = t 2 , so ia^(x) = a'^i{x) and hence 
ima'^{x) = X. This would imply that there exists a cyclic group containing both 
ia^ia and iaia^ (see Proposition 2.1). With a detailed analysis of the multiplication 
tables for our groups (f, a) = A 4 , 5 * 4 , A 5 we see that we have reached a contradiction. 

Therefore, we have two different pairs of points on D with image in D pairwise equal, 
that is, two singularities with two branches. We notice that x and y are both hxed 
by ia'^ia, and hence there are u{ia‘^ia) singularities in D coming from this kind of 
points. Notice that the image of {(x, y), (zi, ti)} and that of {{y, x), (ti, zi)} will be 
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two different singularities in D with the same image in B, so they give 
singularities in B because they are not on the branch locus of ttc- 

Case B: if fc 7 ^ r, {k,r} = {1,2}, then one of the two points in an involution pair 
is hxed by iaia and the other by io?io?. 

Assume that it is the case, that is, k ^ r. 

Let x G -D be a point such that iaia{x) = x with ia{x) ^ x. We notice that this 
is only possible when (i, a) = 5*4 because in the other two cases the order of ia is 
prime, and hence the points hxed by it and its square are the same. Those points 
with ia{x) = x have been already considered in Lemma 3.1 where we have seen that 
their images in B are smooth points. 

With an analysis similar to the previous one we deduce that this kind of points give 
1 (z/((ia)^) — z/(ia)) singularities in B. 

Next, we will see that there are no other singularities in B. For a point in B outside 
the ramihcation locus of g^‘^\ its image will be a singularity only if there is another 
point with the same image, because is a local homeomorphism around it. This 
is the case we have just studied. Then, it only remains to consider the ramihcation 
points of g^'^\ 

In i? C there are two types of points where g^^'^ ramihes: those in R (see (2)) 
and those in with x a ramihcation point of g. We have seen in Lemma 3.1 that 
the image of a point in i? fl i? is always smooth, so it remains only to study those 
in Dx for x G Ram( 5 f). 

To do this, we study the intersection of B with a coordinate curve Cp, with P G 
Branch( 5 f). We remind that Cp ■ B = 3. 

Let P G Branch( 5 f) i.e. 3! x such that g{x) = P, that is, a; is a point hxed by a. Let 
y := i{x) 7 ^ x, then, g^‘^\x + y) = P + g{y) = P + Q. 

We know that Cp intersects i? in a single point P + Q with multiplicity three. We 
want to know how Cq intersects B to prove that it is a smooth point. We distinguish 
two cases: 

First, ii y E Ram( 5 f), that is a{y) = y i.e. iai{x) = x, then, since we are assuming 
that a{x) = X, this would imply that {a,iai) is contained in a cyclic group, which 
is not possible. 

Second, ii y ^ Ram( 5 f) then there exist t and z such that a{y) = t and a‘^{y) = z. 
If 3k such that a^i{t) = i{z), then there would be a point in the intersection of 
Cq and B with multiplicity greater than 1, otherwise there would be two different 
points in this intersection; + i(t)) and g^‘^\z + i{z)). In any case, these points 

do not belong to Cp, and hence, in P + Q the intersection multiplicity of Cq and 
B is one. Therefore, the curve B is smooth a.t P + Q. Hence, there are no more 
singular points. 

□ 
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Corollary 3.3. 

|Singi)| = iy{ia'^ia) + z/((ia)^). 

Proof. Analysing the preiniages of the singularities of B and the possible tangencies 
of D and the diagonal we see that the curve D does not have more singularities than 
those considered during the proof of Proposition 3.2. □ 


Now, we study which kind of singularities they are. 
Proposition 3.4. All singularities in D and B are nodes. 


Proof. We begin studying the singularities on D and later their image by ttc- 

As we have seen in the proof of Lemma 3.1, the preimage of D hy g x g consists of 
the graphs of the elements in (1 x a, a x 1). These divisors intersect transversally 
and D is also transversal in the image of these points. 


Taking the intersections of D with its images by elements of the group (1 x a, a x 1), 
we recover the cases in the proof of Proposition 3.2 of possible singularities, that in 


O? X o? 

permutes them. 


a X a 

permutes them. 


this language 

are 








ia^ia{x) - 

= X 

ia[ 

[x) 

= ai{x) 

O n 

(a 

X 

a)D 

iaia^{x) - 

= X 

ia‘^[ 

[x) 

= a^i{x) 

n ( 


X 

a^)D 

ia^ia^{x) 

= X 

■v^ ia 

\x\ 

) = ai{x) 

o D n 


X 

a)D 

iaia{x) 

= X 

■v^ ia 

(x) 

= a^i{x) 

o n 

(a 

X 

a^)D 


The hrst two correspond to Case A and the last two correspond to Case B. 

Notice that, those singular points {g{xo), g{i{xo))) with ia{xo) ^ Xq are not on the 
diagonal of C x C, and hence ttc does not ramify on them. Therefore, their images 
on ^(2) 

are also nodes. 

Those singular points {gi^xo), gii^xo))) with ia{xo) = xq are on the diagonal of 
C X C, and hence ttc ramihes on them. We have already seen in Lemma 3.1 that 
their images in B are smooth points. □ 


Therefore, by Propositions 3.2 and 3.4 we obtain that 

Corollary 3.5. 

Pa{B) - g{B) = ^u{ia^ia) + - v{ia)). 

With Propositions 3.2 and 3.4, and Corollary 3.3 we have proven Theorem 1.3. 
Remark 3.6. Moreover, by [Sdelf, Lemma 2.1], we deduce that: 

B^ = g{D) — 1 — 3{2g — 2) + i'(ia‘^ia) + u{(ia)‘^). 
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4 Positive self-intersection curves 


Now, we consider curves with positive self-intersection, that is, we consider > 0. 
We will describe all generating vectors of G with G = A 4 , 5*4, that give a non- 
completing diagram of morphisms of curves characterizing a curve B C G^^'^ with 
B'^ > 0 and g{G) > 2. 

We are going to consider separately each group G = A^^Si^^A^. We begin with a 
numerical analysis of our hypothesis and later, for those values compatible with the 
hypothesis, we give (or prove that it does not exist) a generating vector dehning 
a curve D with an action of G and the prescribed ramihcation. To simplify the 
notation, we describe the generating vector of G giving a product one relation of 
elements of G. Each generator is written in square brackets [•] and the exponent of 
the brackets denote the number copies in the vector. We prove in the notes after the 
tables that the elements taken generate the whole group when it is not absolutely 
clear. 

We have by hypothesis that the curves G and B lay in a diagram as (1). We denote 
by 

b = giB) g = g{G) h = g{D) 

s = z/(a) t = pii) r = u{ia) r + k = e = i'{ia^ia). 

With this notation, the equality in Remark 3.6 translates into 

B^ = h — 1 — 3{2g — 2) + e + k + r. 


First, we are going to use our hypothesis to give some restrictions for the possible 
values of b, g, h, s, t, r, k and e. 


• By the Riemann-Hurwitz formula for the morphism D ^ G we obtain 

h + 2 — s 
^ ~ 3 ■ 

• Since B"^ > 0, by (3) we obtain that 

h < 2 s + e + k + r. 


( 3 ) 

( 4 ) 


• By the Riemann-Hurwitz formula for the morphism D ^ B we obtain that 

2 h + 2-t 

b =-^-. Therefore, by Propositions 3.2 and 3.4 we deduce that 

2h+ 2 —,, ,, 

Pa{B) = - - - + -{e + k). (5) 

• By (3) and (5) the necessary inequality g < pa{B) translates into 

2 -|- 3f < 2h -|- 4s -|- 6 e -1- 6 k. ( 6 ) 
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• From (4) and ( 6 ) we deduce that 

2 + 3t < 8 e + 8 fc + 2r + 8 s. (7) 

Next, we consider separately the different finite groups. 

4.1 Alternate group of degree 4 

Let {i,a) = A^. Then, o{ia) = 3, so ^{ia) = and hence k = 0. Since 

ia is conjugated to a, then r = s and since ia'^ia is conjugated to i, then e = t. 
Therefore, the conditions g > 2 and > 0 translate into 

h — s > 4 and h < 3s + t. ( 8 ) 

Now, we consider the action of 44 on a curve D. The group has three non 
identity conjugacy classes, those of i, a and Since a and have the same fixed 
points, the Riemann-Hurwitz formula for D ^ D/A^ reads: 

2h - 2 = 247 - 24 + 8 s + 3t. 

Therefore, imposing the lefthand side of ( 8 ) we obtain that 

3 

247 + 2s + t < 22 ^ 7 = 0 ^ h = 4s + -f — 11. (9) 

By (9), the conditions in ( 8 ) translate into 

3,1 

3s + -t > 15 and s + -f < 11. (10) 

We are going to analyse all possible values of s and t satisfying the inequalities in 
(10). With this conditions we observe that we can discard the following cases: 

(s, t) e {(2, 0), (2, 2), (2,4), (3, 0), (3, 2), (4, 0)}. 

Given a pair (s, t) satisfying all the conditions, we find a curve D with the action 
of A 4 with the prescribed ramification, when possible, giving the generating vector 
of A 4 . If one of the conditions is not satisfied, then there is no such action. These 
elements determine the branching data for the covering H —)■ Zl /44 in the following 
way: there is one branch point for each element, and the monodromy over this 
branch point is determined by the conjugacy class of the element. 

According to this, if s = 0, then the only possible elements in the set of generators 
are i and its conjugates, that do not generate A 4 . 

Moreover, if s = 1, then in any possible set of elements of ^4 used to describe the 
action, there would be one element conjugated to a and the rest would be conjugated 
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to i. We observe that all elements conjugated to i have zero or three copies of a on 
their expression, and all conjugates of a have one, two or four copies of a on their 
expression. Thus, we deduce that the product of all of them will have 3j ± 1 copies 
of a on the expression, and hence, the condition of product one is not possible to 
be satished. 

For the rest of values satisfying s + < 11 we can hnd a curve with the described 

action of A 4 . We study each value of s separately, giving the value of t and the 
invariants of the curves C and B C 

We list the possible values of s and t and give a table describing the different cases. 


s 

t 

branching data 

h 

9 

b 

Pa{B) 

52 

2 

6 


r -19 r • 2 i 
%\ [ma \ 

aia] [c 

r] = 1 

6 

2 

2 

5 

7 


8 


i]^[c 

xia 

2 jr 

ai«][o 

n] = 1 

9 

3 

3 

7 

6 


10 


[*]^[ 

aiaY 

aia] [c 

x] = 1 

12 

4 

4 

9 

5 


12 


i]^[c 

xia 

2 jr 

aia][c 

li] = 1 

15 

5 

5 

11 

4 


14 


[z]6[ 

aiaY 

aia] [c 

x] = 1 

18 

6 

6 

13 

3 


16 


iY[c 

xia 

2 jr 

aia][c 

d] = 1 

21 

7 

7 

15 

2 


18 


[*]®[ 

aiaY 

aia] [c 

x] = 1 

24 

8 

8 

17 

1 

3 

4 


a 

3 



1 

7 

2 

3 

5 

7 


6 


ia 

o?ia 

[« 


2 = 1 

10 

3 

4 

7 

6 


8 


a 

3 



1 

13 

4 

5 

9 

5 


10 


ia 

oAia 

a 

'^l 

" = 1 

16 

5 

6 

11 

4 


12 


a 

3 

if 


L 

19 

6 

7 

13 

3 


14 


ia 

o?ia 

a 


6 = 1 

22 

7 

8 

15 

2 


16 


a 

3 

if 


L 

25 

8 

9 

17 

1 

4 

2 


Oiia 

a 

aia 

ai 

[i] = 1 

8 

2 

4 

5 

7 


4 


y.ia 

a] 

aia] 

a] 

*]2 = 1 

11 

3 

5 

7 

6 


6 

[c 

xia 

a][ 

aia] 

ai 

= 1 

14 

4 

6 

9 

5 


8 


yia 

a] 

aia\ 

a] 

lf = l 

17 

5 

7 

11 

4 


10 

[c 

xia 

a][ 

aia] 

ai 

'if = 1 

20 

6 

8 

13 

3 


12 


Diia 

a] 

aia] 

a] 

if = 1 

23 

7 

9 

15 

2 


14 

[c 

xia 

a][ 

aia] 

ai 

= 1 

26 

8 

10 

17 

1 


Table 1: Action of A 4 with s = 2, 3, 4 
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s 

t 

branching data 

h 

9 

h 

Pa{B) 

52 

5 

0 

[«i«] [a] [( 

3;ia][o^]^ = 1 

9 

2 

5 

5 

7 


2 

[aia] [a] [mo 

1 r 2i r 2 -1 r -1 
t a a % % = 1 

12 

3 

6 

7 

6 


4 

[aia] [o] [m 

a][o^]^[i]^ = 1 

15 

4 

7 

9 

5 


6 

[aia] [o] [aia 

[o^][o^i][i]^ = 1 

18 

5 

8 

11 

4 


8 

[aia] [o] [ai 

a][o^]^[i]'^ = 1 

21 

6 

9 

13 

3 


10 

[aia] [o] [aia 

[o^][o^i][i]^ = 1 

24 

7 

10 

15 

2 


12 

[aia] [o] [ai 

a][o^]^[i]® = 1 

27 

8 

11 

17 

1 

6 

0 

[o]3[ 

ai]^ = 1 

13 

3 

7 

7 

6 


2 

[ia] [o^ 

io][o]^ = 1 

16 

4 

8 

9 

5 


4 

[a]6 

[*]2 = 1 

19 

5 

9 

11 

4 


6 

[ia] [a^ic 

0 ® i ^ = 1 

22 

6 

10 

13 

3 


8 

[af 

[*]" = 1 

25 

7 

11 

15 

2 


10 

[ia] [a^ic 

a^ i^ = 1 

28 

8 

12 

17 

1 

7 

0 

[o]^[aia] [( 

y] [aia] [0] = 1 

13 

3 

7 

7 

6 


2 

[o]^[oio] [a 

aia] [ai] [i] = 1 

20 

5 

10 

11 

4 


4 

[a]^[aia] [a 

oio o i ^ = 1 

23 

6 

11 

13 

3 


6 

[o]^[oio] [a 

oio][oi][i]^ = 1 

26 

7 

12 

15 

2 


8 

[a]^[aia] [a 

oio o i = 1 

29 

8 

13 

17 

1 

8 

0 

[a]^[aia][a 

1 r • 1 r 9i9 1 

J = 1 

21 

5 

11 

11 

4 


2 


a]^[aia] [0] [a 

io] [o^] [o^i] [i] = 1 

24 

6 

12 

13 

3 


4 

[o]^[aio] [o][ 

aio][a^]^[i]^ = 1 

27 

7 

13 

15 

2 


6 


o]^[aio][o][a 7 

o][a^][a^i][i]^ = 1 

30 

8 

14 

17 

1 

9 

0 

[a 

^[ai]^ 

25 

6 

13 

13 

3 


2 

[ia] [o^ 

io][o]® = 1 

28 

7 

14 

15 

2 


4 

[c 


31 

8 

15 

17 

1 

10 

0 

[af‘[aia][(. 

y] [aia] [0] = 1 

29 

7 

15 

15 

2 


2 

[o]®[oio] [a 

aia] [ai] [i] = 1 

32 

8 

16 

17 

1 

11 

0 

[a]®[aia] [a 

1 r • 1 r 9i 9 1 

[a^aj[a J = 1 

33 

8 

17 

17 

1 


Table 2: Action of A 4 with s = 5,..., 11 


4.2 Symmetric group of degree 4 

Let (i,a) = S4, we recall that |-S'4| = 24. 

We take i = (1 2), « = (1 4 3), ia = (1 4 3 2), (ia)^ = (1 3)(2 4) and ia^ia = (12 3). 
Then, a and ia^ia are conjugated, and we deduce that s = e. 

Let 7 = g{D / S4) and consider the morphism D D/S4. By Lemma 2.4 we obtain 
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that the points hxed by i give | branch points of order 2, hence t is even. Similarly, 
s and r are even and k is mnltiple of 4. Therefore, the conditions g >2 and > 0 
translate into 

h — s > A and h <?<s + r + k. (11) 

Now, we consider the action of 5*4 on the curve D. The group 5*4 has four non 
identity conjugacy classes, those of i (one transposition), a (cycles of order three), 
(3 = ia (cycles of order 4) and (3“^ (double transpositions). Since (3 and (3"^ have the 
same hxed points, the Riemann-Hurwitz formula for D ^ D/S 4 reads: 

9 3 

h = 247 — 23 + 3t + 4s + -r + -k. 

Therefore, by the left hand side of (11) we obtain that 

7 1 

247 + 3t + s + -r + -/c < 23 ^ 7 = 0 

h = —23 + 3t + 4s + + ^/c. (12) 

By (12), the conditions (11) translate into 

7 1 9 3 

3t + s + -r + -k < 23 and 3t + 3s + -r + -k > 27. (13) 


Now, we analyse all possible values for r, t, s and k satisfying the inequalities in 
(13). With these conditions we can discard the following cases: 


(r, t, s, k) e {(0,4, 0, 0), (0,4, 0,4), (0,4, 0, 8), (0,4, 2, 0), (0,4, 2,4), 
(0,4, 4,0), (2, 2, 0,0), (2, 2, 0,4), (2, 2, 2,0)} 


Given (r, t, s, k) satisfying all the conditions, we dehne a curve D with the action of 
5 * 4 , with the prescribed ramihcation, giving the generating vector of 5 * 4 . 

For r = 0 and t = 0 in any possible set of elements of S '4 used to describe the action 
there would be only elements conjugated to a and (3^ that have even index, and so 
they could not generate the whole S' 4 , where there are also odd index elements. 

Since i and (3 have odd index, in order to have the product one condition we need 
I + I to be even, or which is the same, t + r to be multiple of four. With this 
condition we discard the cases 

(r, t) e {(0, 2), (0, 6 ), (2, 0), (2,4), (4, 2), ( 6 , 0)} 


Since the product of two double transpositions is again a double transposition or 1 , 
with a detailed study of the multiplication table of S'4 we deduce that we cannot 
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have both the generation and the product one condition at the same time in the 
following cases. 


(r, t, s, k) e {(0,4, 0,12), (0,4, 0,16), (0,4, 0,20), (2, 2,0, 8), (2, 2, 0,12), 
(2, 2, 0,16), (2, 2, 0, 20), (4, 0, 0,0), (4, 0, 0,4)} 


Hence, there are only two possible pairs of values (r, f). For the remaining values 
satisfying 3f + s + |r + < 23 we can hnd a curve with the action of S^. We 

consider the two pairs of values (r, t) separately, and give a table with the values of 
s and /c, the product one relation and the invariants of the curves C and B C 


s 

k 

branching data 

h 

9 

b 

Pa{B) 

52 

2 

8 

|(12)][(23)][(132)]|(13)(24)]2 = 

9 

3 

4 

9 

6 


12 

|(12)|[(23)|[(132)||(13)(24)] 
|(12)(34)|[(14)(23)] = (1) 

[‘il[i4l[afl[/3fl|/?|l|/3|l = 1 

15 

5 

7 

14 

4 


16 

|(12)11(23)|1(132)||(13)(24)]* = 

|i.ll‘4l[a?l[ftT = l 

21 

7 

10 

19 

2 

4 

4 

[i][a][i][a][(za)2] = 1 

11 

3 

5 

9 

6 


8 

|(23)||(34)||(234)]21(12)(34)]2 = 

I*4ll«6l|a2l"l/^ll = 1 ^ ’ 

17 

5 

8 

14 

4 


12 

[z][a][z][a][(*o)T = l 

23 

7 

11 

19 

2 

6 

0 

[z]2[a]3 = 1 

13 

3 

6 

9 

6 


4 

|(12)||(34)||(12)(34)][(234)|!' = 

19 

5 

9 

14 

4 


8 

[*]2[a]3[(ia)2]2 = 1 

25 

7 

12 

19 

2 

8 

0 

|(234)]3|(132)]|(13)]|(12)] = 
|a 2 ]®|a?]|( 2 ]|(i] = 1 

21 

5 

10 

14 

4 


4 

[(243)]"[(12)][(13)][(12)(34)] = 
[aif[«il|i2l[/3il = 1 

27 

7 

13 

19 

2 

10 

0 

[(234)]3[(123)]2[(13)][(12)] = 

= 1 

29 

7 

14 

19 

2 


Table 3: Action of 5*4 with r = 0, i = 4 


Notes: 

1. They generate since (ai,/lf) = A 4 and there is no single transposition in this 

subgroup, so = 54 . 

2 . They generate since (( 12 ), (234)) = S' 4 . 
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s 

k 

branching data 

h 

9 

b 

Pa{B) 


2 

4 

ia i a [iaY] = 1 

6 

2 

3 

6 

7 


8 

[i 

ia] [q;^ 

[{iaYY = 1 

12 

4 

6 

11 

5 


12 

[i 

a i a 

{iaY]^ = 1 

18 

6 

9 

16 

3 


16 

[i 

ia] [q;^ 

[{ia)"^]^ = 1 

24 

8 

12 

21 

1 

4 

0 

[i] [ia 

[aY = 1 

8 

2 

4 

6 

7 


4 

[{iaY][ic 

= 1 

14 

4 

7 

11 

5 


8 

[i] [ia] [a 

^[{iaYY = 1 

20 

6 

10 

16 

3 


12 

[{ia)‘^ 

] [**^] [*] 

[aY^iaff = 1 

26 

8 

13 

21 

1 

6 

0 

[i] [ia] [( 

y] [a^ 

]2 = 1 

16 

4 

8 

11 

5 


4 

[{iaY][ia 

i][a 

= 1 

22 

6 

11 

16 

3 


8 

[{iaff\i][k 

y][a] 

[(«)T = 1 

28 

8 

14 

21 

1 

8 

0 

[i] [ia] [( 

= 1 

24 

6 

12 

16 

3 


4 

[( 

iay][i 

a] [i] 

aY = 1 

30 

8 

15 

21 

1 

10 

0 

[i] [ia 

= 1 

32 

8 

16 

21 

1 


Table 4: Action of 5*4 with r = 2, t = 2 


4.3 Alternate group of degree 5 

Let {i,a) = A 5 , we recall that IA 5 I = 60. 

We take A 5 embedded in a.s i = (1 2)(4 5), a = (1 4 3) and ia = (1 5 4 3 2). 
Since o{ia) = 5, a prime nnmber, we dednce that ia and {iaY have the same hxed 
points and therefore k = 0. Moreover, ia'^ia = (1 4 5 2 3) that is conjngated of ia 
or {iaY, so e = r. 

Let 7 = g{D/A^) and consider the morphism D —)■ D/A^. By Lemma 2.4 we obtain 
that the points hxed by i give | branch points of order 2, hence t is even. Similarly, 
s and r are even. Therefore, the conditions g > 2 and > 0 translate into 

h — s > 4 and h <2s + 2r. (14) 

Now, we consider the action of A 5 on the curve D. The group A 5 has four non 
identity conjugacy classes, those of i (double transpositions), a (cycles of order 
three), (3 = ia (cycles of order 5) and /3^, nevertheless, since {3 and have the same 
hxed points, the Riemann-Hurwitz formula for D —)■ D/A^ reads: 

15 

h = 6 O 7 — 59 + —t + 10s + 12r. 
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Therefore, by the left hand side of (14) we obtain that 


6 O 7 + —t + 8 s + lOr < 59 ^ 7 = 0 
15 

^ h =-59 + yf + 10s + 12r. (15) 

By (15), the conditions in (14) translate into 
15 15 

—t + 8 s + lOr < 59 and —t + 9s + 12r > 63. (16) 

We are going to analyse all possible values for r, s and t satisfying the inequalities 
(16). With this conditions we observe that we can discard the following cases r = 0, 
r = 2 and (r, s, t) = (4, 0, 0) 

It remains only the possibility r = 4. We describe in the following table the possible 
actions of on a curve D with the ramihcation determined by the values of r, s 
and t. 

We give the value of s and t, the product one relation and the invariants of the 
curves C and B C . 


s 

t 

branching data 

h 

9 

b 

Pa{B) 

52 

0 

2 

[(12345)]|(13)(24)][(15234)] = 1 (1) 

4 

2 

2 

4 

5 

2 

0 

[ia] [a] [ai] = 1 

9 

3 

5 

7 

4 


Table 5: Action of with r = 4 


Note: 

1. These three elements generate A 5 because in A^ an element of order two and one 
of order hve can only generate or A 5 , but since (15234) 7 ^ (12345)-^ it cannot 
be (since all elements of order hve in are a cyclic group). 

With this we hnish the study of degree three curves with positive self-intersection 
dehned by the action of a spherical triangular group on a curve D. 
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